Chapter 4

Lognormal random variables. Risk—neutral
pricing.

4.1 Solutions to Chapter 4 Exercises

Problem 1: Let X; = Z and Xy = —Z be two independent random vari-
ables, where Z is the standard normal variable. Show that X; + X, is a
normal variable of mean 0 and variance 2, i.e., X; + Xy = V/2Z.

Solution: Recall that if X; and X, are independent normal random variables
with mean and variance u; and o3, and ps and o3, respectively, then X; + X5
is a normal variable with mean p; + po and variance o7 + o3, and

X1+ Xo = p1+ps + (Jol+odZ

For X1 =7 and Xy, = —Z | it follows that p; = po = 0 and 07 = 09 = 1. We
conclude that
EX]=m+p=0 and var(X)=o0}+o03 =2,

and therefore
X = X1+Xy = V22 O

Problem 2: Assume that the normal random variables X;, Xo, ..., X,
of mean y and variance o? are uncorrelated, i.e, cov(X;, X;) = 0, for all
1 <i# j <mn. (This happens, e.g., if X;, X5, ..., X, are independent.) If
Sp =131, X, is the average of the variables X;, i = 1 : n, show that
o2
E[S,] = p and var(S,) = —

Solution: Recall that, for ¢; € R,

i:ciXi] = i:ciE[Xi];
i=1 =1
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var <ZQX7> = Zc?var(Xq;) + 2 Z cicjcov(X;, Xj).
i=1 i=1

1<i<j<n

Therefore,

1 — 1 — 1
z] S

n

I 1 ¢ 2
n) = - Xi| = = Xi)+ = Xi, X
var(S,) var (n ZZ:; > " ;V&I‘( )+ = Z cov( ;)

1<i<j<n

ElS,] = E

2
1 9 o

1 n
= EZIVaI'(XL) = E'TLU = ;7
=

since cov(X;, X;) =0forall 1 <i#j<n. 0O

Problem 3: Assume we have a one period binomial model for the evolution
of the price of an underlying asset between time t and time ¢ + §t:

If S(t) is the price of the asset at time ¢, then the price S(t + dt) of the asset
at time ¢ + 0t will be either S(t)u, with (risk—neutral) probability p, or S(t)d,
with probability 1 — p. Assume that v > 1 and d < 1.

Show that

Epn[S(t+6t)] = (pu + (1—p)d) SQ); (4.1)
Epn[S%(t+61)] = (pu* + (1 —p)d®) S*(t). (4.2)

Solution: We can regard S(¢ 4 0t) as a random variable over the probability
space {U, D} of the possible moves of the price of the asset from time ¢ to time
t + 0t endowed with the risk-neutral probability function P : {U, D} — [0, 1]
with P(U) = p and P(D) =1 —p. Then S(t + 6t) is given by

St+o)(U) = S{t)u; S(t+ot)(D) = S(t)d.
Then, by definition,

Egn[S(t+dt)] = PWU)-St+dt)(U) + P(D)-S(t+dt)(D)
= (pu+(1—p)d) S(t);

Epn[S(t+6t)] = P(U)-(S(t+dt)(U))* + P(D)-(S(t+6t)(D))*
= (pu*+ (1 —p)d*) S*t). O
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Problem 4: If the price S(t) of a non—dividend paying asset has lognormal
distribution with drift » and volatility o, show that
Ern[S(t+6t)] = e™'S(t); (4.3)
Ern[S2(t 4 6t)] = e®+o0ts%(¢).

Solution 1: If the price S(t) of the non—dividend paying asset has lognormal

distribution with drift  and volatility o, then S(;?Z;t) is a lognormal variable

given by
S(t+at)\ o?

Recall that, if In(Y) = p + 0Z is a lognormal random variable with
parameters i and o, the expected value and variance of Y are

e + 22
< .
p{u 5 )’

var(Y) = exp (2u+5°) (652 - 1) :

=
=
I

@
2

Ify = S(;zrt(;t), then pu = (r —

E {W} _ exp<<r—‘7;> ot + 2&)2> — %t (45)
(

) ot and & = ov/dt and therefore

var (W) = exp(2(r— O;) ot + (am)Z) : (e(gm)z — 1)(4.6)
_ 2ot (602& _ 1) ‘ (4.7)
Note that,
E [S (g;)&)] _ Szt) CE[S(t + 6t)] (4.8)
var (S (fs*(t)&)) _ 521@) var (S(t + 61)). (4.9)

From (4.5) and (4.8), and from (4.7) and (4.9), respectively, we conclude that

E[S(t+6t)] = € S(t):;
var (S(t + 8t)) = e (e”25t—1> S2(1). (4.10)
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Note that

var (S(t 4 6t)) = E[S%(t+6t)] — (E[S(t+6t)))°
= B[S*(t+0t)] — e¥S%(t). (4.11)

From (4.10) and (4.11) it follows that
E[S*(t 4 6t)] = var (S(t + 0t)) + ¥ 0152(t) = oo G2(p),
which is what we wanted to show.

Solution 2: Note that S(t + §t) can be written as a function of the standard
normal variable Z as follows:

S(t+6t) = S(t) exp ((r - 0;) 5t + ax/&Z) .

Then,

EIS(t+4t)] = \}/m S(t) exp((r—aQ> 5t + o/5t x) e 7 do
= \/%/ exp(rét——i—aﬁx—) dz
= S@ "”m/ ( I_Z\F)>dx

_ St rot 77dy

\ 2T /
_ S(t)67()f7

where we used the substitution y =z — a\/(Tt and the fact that

—r dy =1,

el

N

since \/%e’y? is the density function of the standard normal variable.

Similarly, we obtain that

2 2
E[S*(t +6t)] = 2(t) exp <2 (r - U2> 5t + 206t :1:) e T dr

m/o;s(

> 2
= \/12? /OO 52(t) exp (27’& — o%0t + 20V 5t © — “g) dz
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0 _ 2
S2(t) \/12?/ exp <2r(5t+026t - W) dx

o0 _ 2
SQ(t)€(27'+02)5t \/:;7/ exp (_(x 25\/%) > dr
™ J—-00

2
e 7 ds

- 9?2 (t) e(?r-&-uz)ét

1 o0
V 2 /oo
_ SQ(t)e(2r+02)5t.

bl

the substitution s = 2 — 20Vt was used above. [J

Problem 5: The results of the previous two exercises can be used to calibrate
a binomial tree model to a lognormally distributed process. This means
finding the up and down factors u and d, and the risk-—neutral probability p
(of going up) such that the values of Epy[S(t+6t)] and Epy[S*(t+4t)] given
by (4.1) and (4.2) coincide with the values (4.3) and (4.4) for the lognormal
model.

In other words, we are looking for u, d, and p such that

pu + (1—p)d = & (4.12)
p? 4+ (1—p)d®> = e+ (4.13)

Since there are two constraints and three unknowns, the solution will not be
unique.

(i) Show that (4.12-4.13) are equivalent to

rot
= )
(67'(515 —d) (u-— erét) _ 2ot (602& —1). (4.15)

(ii) Derive the Cox—Ross—Rubinstein parametrization for a binomial tree, by
solving (4.14-4.15) with the additional condition that

ud = 1.

Show that the solution can be written as

rot __
p:e dd; u=A++VA2-1; d = A—+VA2-1,
w—

where

A= o (et el (4.16)

N | =
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Solution: (i) Formula (4.14) can be obtained by solving the linear equation
(4.12) for p.

To obtain (4.15), we first square formula (4.12) to obtain

pPu’ +2p(1 — p)ud + (1 — p)’d®> = ¥
and subtract this from (4.13). We find that
p(1 — p)UQ —2p(1 — p)ud + p(1 — p)d2 — @rtat)it €2r5t7
which can be written as
p(1—p)(u—d)? = ¥ (7% —1). (4.17)
Using formula (4.14) for p, it is easy to see that

erét_ u_e'r(St
pi—p) = (j)_(d>2 ) (418)

From (4.17) and (4.18), we conclude that
(erat o d) (u . e7‘6t) — 2ot (602& o 1).
(ii) By multiplying out (4.15) and using the fact that ud = 1, we obtain that
ue't 1 2ot + de™t — 6(27'+02)6t _ 2ot (4.19)
After canceling out the term —e?% we divide (4.19) by €% and obtain
u4d— e Tt e(r+02)6t,

which can be written as
1 —rdt (r+o?)dt 1
u+f—(e +e ) = u+——24 = 0
U u

cf. (4.16) for the definition of A.
In other words, u is a solution of the quadratic equation

u? —2Au+1=0, (4.20)
which has two solutions, A + vA2—1 and A — VA2 —1. Since u > 1, we

conclude that
u=A++VA%2 -1,
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the other solution of the quadratic equation (4.20) corresponds to the value
of d, since

1 1
d=- = —————— = A—+yA2-1. O
U A+ VA2 -1

Problem 6: Show that the series > ., k% is convergent, while the series
Sy tand >0, ﬁ(k) are divergent, i.e., equal to co.

Note: It is known that

and ’
n 1
i ( 25 - 1n<n>) =7
where v /= 0.57721 is called Euler’s constant.

Solution: Since all the terms of the series > .7, kl—z are positive, it is enough
to show that the partial sums
2
k=1 k

are uniformly bounded, in order to conclude that the series is convergent.
This can be seen as follows:

nq n_q n 1 n 1 1
Z@ = 1+Zﬁ§ 1+Zm=l+2m—g
k=1 k=2 k=2 k=2

1
1+<1—> <2, ¥V n>2
n

To show that the series Y-, % is divergent, we will prove that

n

1 1
In(n) + — < 7 < In(n) + 1, V n > 1 (4.21)
" k=1
The integral of the function f(z) = % over the interval [1,n] can be

approximated from above and below as follows: Note that

711 n— k-‘rll
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Since f(z) =1 is a decreasing function, it is easy to see that
1 1
— < =, Vze(lk k+1).
< f@) < 3 Vaelk ket
Then,
n 1 n—1 k+1 1 n—1 k+1 1
—dr = / —dx > / —— dx
/1 x ; R ; e k41
n— n
1 1
— = —1 = 4.22
kit 1 2 (4.22)
k=1 k=1
n 1 n—1 k+1 n—1 k+1 1
—dxr = —dr < —dx
1 k=1 "k k=1"k k
n—1 n
1 1 1
— - - = = 4.23
k n T2k (4.23)
k=1 k=1
The inequality (4.21) follows from (4.22) and (4.23), since
"1
/ —dz = In(n).
1 X
In a similar fashion, by considering the integral of ﬁ(ﬁ) over the interval

[2, n], we can show that

In(In(n)) — In(In(2)) + nlri(n) < Z khi(k)’ Vn>2; (4.24)
k=2

; klr}(k) < In(In(n)) — In(In(2)) + 21;1[(2)7 Vo> 2, (4.25)

and conclude that the series Y, m is divergent.
For example, (4.24) can be proved as follows:

n 1 n—1 k+1 1 n—1 k+1 1 n—1 1
/2 xIn(z) dv /k zIn(z) v k—Q/k kln(k) v po kIn(k)’

k=2

which is equivalent to

/n ! dr + ! <
> xlIn(x) v nln(n)

(4.26)
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Since

/; L e = n(n(n)) — m(In(2), (4.27)

xln(x)
we conclude from (4.26) and (4.27) that

1 1
nlin(n)

In(In(n)) — In(In(2)) +

which is the same as (4.24). O

Problem 7: Find the radius of convergence R of the power series

s k

k=

[}

and investigate what happens at the points x where |z| = R.

Solution: Tt is easy to see that

X
with a; = kh}(k), k > 2. Note that
1 1/k
Jim o = lim (M) =L (4.29)

Recall that, if limy_. |az|"/*

S e, apxk is given by

exists, the radius of convergence of the series

1
R= ——+-——. 4.30
iy —oo x|/ (4.30)
From (4.29) and (4.30) the radius of convergence of the series (4.28) is R =1
We conclude that the series is convergent if || < 1, and not convergent if
|z] > 1.

If © = —1, the series becomes Y -, éfn—l(),:) Since the terms ;ITI()]:) have
alternating signs and decrease in absolute value to 0, the series is convergent.
If © = 1, the series becomes Y7, ﬁ(k)’ which was shown to be divergent

in Problem 6 of this chapter. [

Problem 8: Consider a put option with strike 55 and maturity 4 months
on a non-dividend paying asset with spot price 60 which follows a lognormal
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model with drift ¢ = 0.1 and volatility ¢ = 0.3. Assume that the risk-free
rate is constant equal to 0.05.

(i) Find the probability that the put will expire in the money.

(ii) Find the risk-neutral probability that the put will expire in the money.
(iii) Compute N(—dy).

Solution: (i) The probability that the put option will expire in the money

is equal to the probability that the spot price at maturity is lower than the
strike price, i.e., to P(S(T) < K). Recall that

ln<S(T)> = <u—q—02>T + oVTZ.

5(0) 2
Then,
(o (55) ()

P(S(T) < K)

I
N
VN

@
3
N
\w
N———
|
N

For S =60, K =55 T =1/3, u=0.1, ¢ =0, 0 = 0.3, and r = 0.05, we
obtain that the probability that the put will expire in the money is 0.271525,
Le., 27.1525%.

(ii) The risk—neutral probability that the put option will expire in the money
is obtained just like the probability that the put expires in the money, by
substituting the risk—free rate r for p, i.e.,

Pen(S(T)< K) = P|Z < 111(%) _O(T\/;Q—U;)T

0.304331 = 30.43%. (4.31)

ln(%o))—ﬁ—(r—q—";)T
doy = T .

(iii) Recall that

(4.32)
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Then, dy = 0.511983, and
N(—dy) = 0.304331,

which is the same as the risk-neutral probability that the put option will
expire in the money; cf. (4.31).
To understand this result, note that

Ppy(S(T)< K) = P|Z < _ln <¥> +U<7”\/T—q—";)T = N(—dy);

of (4.31) and (4.32). O

Problem 9: (i) Consider an at-the-money call on a non—dividend paying
asset; assume the Black-Scholes framework. Show that the Delta of the option
is always greater than 0.5.

(ii) If the underlying asset pays dividends at the continuous rate ¢, when is
the Delta of an at-the-money call less than 0.57

Note: For most cases, the Delta of an at-the-money call option is close to 0.5.

Solution: (i) Recall that the Delta of a call option is given by

ln(%)+(r—q—|—%2)T

AC) = e 'N(dy) = e TN
(C) = e (dy) e T

For an at—the-money call on a non—dividend paying asset, i.e., for K = §
and g = 0, we find that

A(C) = N(dy) = N
(ii) If the underlying asset pays dividends at the continuous rate ¢, the Delta

of an ATM call is
(7" —q+ %2) VT

AC) = e N(dy) = e 'N
o

For a fixed risk—free rate r and fixed maturity 7', we conclude that A(C') < 0.5
if and only if the dividend yield ¢ and the volatility ¢ of the underlying asset
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satisfy the following condition:

(r—q—i—%z)\/f

g

N < 0.5 ¢

This happens, for example, if r = ¢ and T is large enough, since

T
lim N({) =1 and lim 05¢T = 0co. O

T—o0 —00

Problem 10: Use risk—neutral pricing to price a supershare, i.e., an option
that pays (max(S(T) — K,0))* at the maturity of the option. In other words,
compute

V(0) = e Epn[(max(S(T) — K,0))7,

where the expected value is computed with respect to the risk—neutral dis-
tribution of the price S(T') of the underlying asset at maturity 7', which is
assumed to follow a lognormal process with drift r and volatility o. Assume
that the underlying asset pays no dividends, i.e., ¢ = 0.

Solution: Recall that

S(T) = S(0) exp ((r - ";) T + aﬁz>

and note that

N

S(T) > K «— 2 > () —(=%) T .
Then,

V() = eTT\/% j <S(O)exp <<r _ “;) T4 oﬁx) _ K)Qe’f do

1 2
= KQe"T/ e 2 dx
V2 J-d,
efrT 00 02 \/» x2
— 2K5(0 ex r—— | T+oVTz——| dx
0% [ (%) ;)
) efrT 00 ) \/» 1;2
+ S%(0 ex 2r — o )T +20VTx — — | dx 4.33
0 [ e (- )@ am
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When pricing a plain vanilla call using risk—neutrality, we proved that

e—TT o0 0_2 1‘2
Cos(0) = S0 dwp(Qu-2>T+UV?x_2>dx

1 R 1‘2
_ K —TT/ ~5d
e o 7d26 x
= S(0)N(d)) — Ke""N(dy).

In other words, we showed that

o0

1 2
—rT -z —rT
e —= e 2dxr = e " N(dy); 4.34
5 (da) (4.34)
=T [0 o2 72
ex r—— T+Uﬁ$—>d$=Nd 4.35
=/ o((r-F) g @) (43)

From (4.33), (4.34), and (4.35), we conclude that
V(0) = K?¢""N(dy) — 2KS(0)N(dy)

—T oo 2
20 € 2 x
2r —o )T 4+ 20VTxr — — . (4.
+S (O)m » exp (( r—o)T +20VTx 5 ) dx.(4.36)

The integral from (4.36) is computed by completing the square as follows:

—rT o0 2
SQ(O)% » exp ((27" — 0T + 20Tz — 1:2> dx
T oo — 20y/T)?
= S%(0)< _@=20VIT L ot d
( )m 4 eXp( 9 ( r 0) X

00 _ 2
= S2(0)6(7’+02)T \/127/ exp (_Mgm> dz
T J—dy

) 1 o) y2
= S2(0)elrto)T / exp <—> dy
©) V27 J - (dy+20vT) 2
= S20)e" " N(dy + 20VT); (4.37)

we used the substitution y =z — 20+/T and the fact that

oo () = G () 0 v

From (4.36) and (4.37), we conclude that
V(0) = K2 TN(dy) — 2KS(0)N(dy) + S%(0)e" )N (dy+20VT). O
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Problem 11: If the price of an asset follows a normal process, i.e., dS =
pdt + od X, then

S(tz) = S(t1) + ,u(tz—h) 4+ ovite—t1 Z, V0 <t <to.

Assume that the risk free rate is constant and equal to r.

(i) Use risk neutrality to find the value of a call option with strike K and
maturity 7.

(ii) Use the Put—Call parity to find the value of a put option with strike K
and maturity 7', if the underlying asset follows a normal process as above.

Solution: (i) Using risk-neutral pricing, it follows that
C(0) = e Epy[max(S(T) — K, 0)],

where the expected value is computed with respect to S(7T') given by

S(T) = S(0) +rT+oVT Z. (4.38)
Note that
S(T) > K iff Z>w = d.
oVT
Then,
C) = e L /00 (S(O) —H"T—i—ax/Tx—K) e 7 do
V2 Ja
= (S(0) +rT e_TT/ ez dr — Ke_"T/ ez dx
(5(0) ) 5 ), 5 ),
e ToyT [ 2
4+ ——F re” 2 dx.
V2T /d
Note that
00 22 t 22 22\ |t &2
/ re zdr = lim re zdr = lim (—677) = e z;
t—o0 d t—00 d

d
L /OC %4 1 1 /d “Tdr = 1—N(d) = N(—d)
J— e 2dxr = e — e 2dxr = — — —d),
V21 Ja V2T J oo

where N (t) is the cumulative distribution of the standard normal variable.
We conclude that

e"‘TO\/T 2
78 2

C0) = (S(0)+rT)e ™' N(~d) — Ke ™' N(—d) + 7o . (4.39)
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(i) Regardless of the model used for describing the evolution of the price of
the underlying asset, the Put—Call parity says that a portfolio made of a long
position in a plain vanilla European call option and a short position in a plain
vanilla European put option on the same asset and with the same strike and
maturity as the call option has the same payoff at maturity as a long position
in a unit of the underlying asset and a short cash position equal to the strike
of the options. Using risk—neutral pricing, this can be written as

C(0) = P0) = e TErn[S(T) — K] = ¢ "7(S(0) +7T — K),  (4.40)

since Egrn[S(T)] = S(0) + rT7; cf. (4.38).
From (4.39) and (4.40), we obtain that
P(0) = C(0) — (S(0) +rT)e™ + Ke T
= Ke™(1—N(=d)) — (S(0) +rT)e" (1 — N(—d))
e—rTO.\/T _g
We
o o 6_TTO'\/T
= Ke"'N(d) — (S(0)+rT)e""N(d) + —

a2
T2
€ )

since 1 — N(—d) = N(d). O



