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is fully deterministic. To avoid arbitrage opportunities, the value of this
portfolio must grow at the same rate as the risk free interest rate r, i.e.,

dil = rII dt. (5.64)
From (5.63) and (5.64), we conclude that
252

Ml o~ O + 02 T. (5.65)

We note that the approximate formula (5.65) is actually an equality for plain
vanilla European options; ¢f. (6.53) for ¢ = 0. This equality can be derived
using the Black—Scholes PDE; see section 6.4.2 for details.

5.5 Approximation of the Black—Scholes formula for
at—the—money options

For at-the-money options, approximations to the Black—Scholes formula that
do not require estimating the cumulative density function of the standard
normal distributions can be derived. These formulas are easy to compute
and, in many cases, very accurate.

In section 5.5.1, we present several such approximations formulas, in-
cluding approximations for the Greeks and for the implied volatility. These
formulas are proved in section 5.5.2. In section 5.5.3, we derive a theoretical
bound for the precision of the approximation of the price for ATM options
on non—dividend-paying assets for the case of zero interest rates. We also
investigate the relative approximation error of the formulas from section 5.5.1
for two particular examples.

5.5.1 Several ATM approximations formulas

The most commonly used approximation formulas are for at-the-money op-
tions on assets paying no dividends, with zero risk-free rates:

r=0; ¢g=0: P:C’%aSq/%%()AaS\/T

For the general case when r and ¢ are nonzero, the following approximation
formulas can be used for pricing ATM plain vanilla European options:

r£0: g£0: C w~ as\/g (1— “’*;”) + =0Tg

r#0; ¢#0: P =~ US\/% (1 — (7'+2(1)T> — (PQQ)TS
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Approximation formulas can also be obtained for the implied volatility of
ATM options:

. — 0 . o~ OV . 25C
T—q-O.ampNS\/TNSﬁ

r 7é 0; q 7£ 0: Oimp = vir C - o ((r;;)TTS ~ Vor P+ ((r;;);s
bl . + r+q
P SVT -t SvT -t

If r = ¢ = 0, the following approximation formulas can be used for the Greeks
of ATM options (similar, but more complicated formulas exist for r,q # 0):

%+ 0.20VT

Q

AO) ~ 45

ﬁ

A(P) ~ —3+ 5 ~ —5+020VT

o*T

NE) = TP & o (1) ~ i (1)

vesa(C) = vega(P) ~ Sy/£ (1-7F) ~ 045VT (1-57)

0(C) = O(P) ~ — ;5 (1_02%) ~ - 028 ( _%T)

p(C) ~ ST (3= L) ~ ST (§-020VT)

=
=
2

—ST ($+2E) ~ —5T (4+0.20V7T)

5.5.2 Deriving the ATM approximations formulas

We begin by proving that, if r = 0 and ¢ = 0, the prices of the ATM call and
ATM put are equal, and can be approximated as

[T
P = S —, .
C oS 5 (5.66)

or, in a simpler to compute but less precise way, as
P =C ~ 040SVT, (5.67)

. 1 o ~
since - = 0.39894228 ~ 0.4.
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Since r = ¢ = 0 and K = 5, it is easy to see from the Put—Call parity
(1.47) that the values of the put option and call options are the same:

P=FKe"-S+C =5-5+C = C. (5.68)

For an ATM call and assuming zero interest rates and a non-dividend-

paying asset, i.e., for K = S, r = 0, and ¢ = 0, the Black—Scholes formula
(3.53) corresponding to t = 0 can be written as

( ) _ SN ( “f) . (5.69)
( ) - N (#) and (5.69) becomes
AT R

We approximate the term N (T\F> using a Taylor approximation around 0.
From (5.7) for f(z) = ,a=

From (3.43), we find that N

C:

[\

and n = 2, we obtain that

2
N(z) = N(0) + aN'(0) + %N”(O) + Oz, (5.71)
as £ — 0. Recall that

N(¥) e~ dy.

1 A
N V 27 /—oc
It is easy to see that N(0) = }; cf. (3.43) for « = 0. From Lemma 2.3,
we obtain that N'(t ) = —Le 7, and therefore N”(t) = —\/%te‘%. Thus,

Vo
N(0) =3, N'(0) = f’ N"(0) = 0, and the Taylor expansion (5.71) of N(x)
around the point 0 becomes

4

IS

1 x ‘ 1 z
N(@) = = + — + 0(@@*) =~ = + 5.72
W =5t PO Rt 512)

4We note that the Taylor expansion (5.72) can be more accurately written as
1 T 231
N(z) = - + — = —— + 0(2°), asx —0,

(@) = 3 = T 6 U (z”) —

since N"'(0) = f\/%, N@(0) = 0, and N®(0) = \/% # 0. This level of precision is not

needed here.
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Thus,
T 1 1 T
(YT L L b U\F, (5.73)
2 2 Vor 2
and, by substituting (5.73) into (5.70), we find that

ovT 1 T

which is the same as (5.66).
By solving (5.66) for o, we obtain the following estimate for the implied
volatility of an ATM call option:

C 25C
iy X NV2T—= R ——; 5.74
7o "SVT T SVT 574)

see sections 3.6.2 and 8.6 for more details on implied volatility.

Formula (5.66) is a good approximation for the Black—Scholes value of
ATM options only if the Taylor approximation (5.72) is accurate. In sec-
tion 5.5.3, we show that, for options with maturities less than one year and
volatility slightly smaller than 50%, the approximation given by (5.66) is
within one percent of the Black—Scholes option price; see Theorem 5.7 for
the precise result.

The following approximations of the Black—Scholes formulas for at—the—
money options if r # 0 and q # 0, i.e.,

can be obtained similarly. We only derive (5.75) here. For an ATM call
option, the Black—Scholes formula (3.53) corresponding to ¢ = 0 becomes

C = SN (“-WT N Uﬁ> gty ((r—qw i a\/T> |

o 2 o 2

4+ £ we find that

27’

From the Taylor expansion (5.72) for N(z), i.e., N(x) =

_ —qT 1 (T_q)\/T U\/T
C = Se (2 + o + 2@)
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2 oV 2w 24/2m
1 — T N T e 4T —-T
_ s (2 UmaVTY oy g [T
2 oV 2 2 2

Using the quadratic Taylor approximations (5.20) for e~¢f and ™7, ie.,

e il ~ 1—qT+ @ and e’ ~ 1—7rT+ r22TQ, we find that

- (1 L (r—gVT oﬁ>

e T = (r— T — (r? —g")7*
2 )
eMte™ . (r+q)T N (r* + ¢*)T?
2 2 4 ’

and obtain that

=T  (r=aPTVT _ (* = )T

C =~
2 oV 2T 4
_ 2 o\ 2, 2\
= = ATVT T<1_(r+q)T+(r +q)T>.
20V 2T 2 2 4

When ignoring the terms involving r? and ¢?, which are, in general, much
smaller than the other terms, the approximation formula (5.75) is obtained.

Solving for ¢ in (5.75), the following estimate for the implied volatility of
ATM calls when r # 0 and g # 0 is found:

R
Timp =~ S\/T 1— (7’+2q)T

(5.77)

To obtain the ATM approximations of the Greeks of ATM plain vanilla
European options, we use the closed formulas (3.66-3.75). We only present
the formulas for the case r = ¢ = 0. For the general case r # 0 and ¢ # 0,
the approximation formulas for the Greeks are obtained similarly.

If K =S5 and r = ¢ =0, and for ¢t = 0, the formulas (3.55) and (3.56)
become

ovT

dl = B and dg = —dl. (578)

Recall that

1
—— = 0.39894228
V2T

%

0.4. (5.79)
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From (5.72), i.e., N(z) ~ § + 5 We find that

1 dy 1 oVT 1
N(d)) ~ = = = — = = 20VT, .
() ~ 5+ 7= =35+ 7= 2+0mf, (5.80)
1 dy 1 oVT 1
N(=di) = 5 - T3 e Y3 0.20VT. (5.81)

From (5.78) and the first order Taylor approximation (5.15) for the func-
tion e*, we obtain that

d% d2 o’T
Ty ]l-—=1-—. 5.82
¢ 2 8 (582)

Using (5.79-5.82), we conclude from (3.66-3.75) for t = 0, K = S and
r =q =0 that

1
A(C) = N(d) ~ 5 + 0.20V/T;
1
A(P) = —N(—d1) = ) +0.2a\/i
1 1 df 0.4 o’T
I'C) =T(P) = —— —e 2 ~ —— 1— ;
(©) =T = 77 /ot saﬁ< 8>
a? 2
vega(C) = vega(P) = SVT \/12* ~ 045VT (1_U8T);
T

)

oS 1 €7§ 0208 <1_02T>
2TV2r T 8

1
p(C) = ST N(—dy) ~ ST <2 - 0.20ﬁ>;

p(P) = —=ST N(d) ~ —ST @ + 0.20\/T>.

%

5.5.3 The precision of the ATM approximation of the
Black—Scholes formula

A theoretical estimate for when the approximate value given by formula (5.66)
for the price of the option of an ATM call on a non—dividend—paying asset is
derived in Theorem 5.7. The following result will be needed in the proof of
Theorem 5.7:
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Lemma 5.1. Let N(z) be the cumulative density function of the standard
normal variable. Then,

N(mﬁ) 1 oJT 1 ﬁ(m/f

. 2—t>te T dt. (5.83)

+ -
2 227 Vo Jo

Proof. For n = 1, formula (5.4) for the integral form of the Taylor approxi-
mation becomes

f(@) — fla) — (z—a)f(a) = / Caon) 0 d (5.89)

since Pi(z) = f(a) + (z — a)f'(a). By writing (5.84) for f(z) = N(z) and
a = 0, we obtain

N(z) — N(0) — 2N'(0) = / @ — 1) N'(2) dt.

Recall that N(0) = 1, N'(0) = é, and N"(t) = —\/%te’%. Then,
1 X 1 v &2
N(x —+—/x—tt6_2dt. 5.85
@ =5+ 7= o= [ @ 5:5)
Formula (5.83) follows from (5.85), by substituting x = ”‘Q/T. O

Theorem 5.7. Consider an at-the-money call option on a non—dividend
paying asset, and assume zero interest rates. Let Cpg,—,— be the Black-
Scholes value of the call, and let Copprogr=g=0 be the approximate value of the
call option given by (5.66). The relative error given by the approrimation
formula (5.66) for ATM calls on non—dividend—paying assets is less than 1%,
ie.,

|Capproac,r:q:0 - CBS,r:q:()|

< 0.01, 5.86
CBsr—q—0 - (5.86)

provided that the total variance o*T is bounded as follows:

24
T < —— & 0.2376.
o S 101 0.2376
Proof. Recall from (5.66) that
VT
Capprox,r:q:() = 0S——. (587)

Ver
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From (5.70), and using (5.83), we find that

CBSr=g=0 = ( ) )
B T oy 0\/> 7;
= m — E /o (2 — t) te 2 dt

VT
25 : t2
= C(zpprmc,r:q:() - T ’ (M _t>t dt(588)
0

V2T 2

From (5.88), we obtain that Cpg,—¢=0 < Capproz.r—¢=0- Then, condition (5.86)
is equivalent to

|Capproyg,r=q=0 - C'BS',7>=q=O| _ Capproxm:q:O - C'BS71"=q=O < 0.01
CBS,T:q:O CBS,r:q:O o ’
and therefore to ]
CBS#":(I:U > 101 Capprom,r:q:O- (589)

Using again (5.88) and (5.87), the inequality (5.89) can be written as

Uﬁ
9 f VT 2 .01
i L—t te 2 dt < %Cappromriqzo = fi
Vr Jo 2 1.01 ’ 101 Vor

(5.90)
2
Since e~ 7 < 1, it is easy to see that

U\/T
/ i—t te T dt < /
0 2 0

Therefore, the inequality (5.90) is satisfied provided that

(oVT)? - 1 U\/T.

(mﬁ —t) tdt = (Uﬁ)g.
2 48

48 - 101 2

This is the same as 02T < %, which is what we wanted to prove. |

We conclude by investigating how good the approximations from sec-
tion 5.5.1 are, if r = 0 and ¢ = 0, and if » # 0 and ¢ # 0, for two different
ATM options.

Ezxample: Estimate the relative errors given by the approximation formulas
from section 5.5.1 for the value, the Greeks, and the implied volatility of



