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Quadratic Approximations:

¢~ ltat—; (5.20)
22
In(l14+2) = T = (5.21)
22
In(l—z) ~ —T =5 (5.22)
1
~ 1- 2 5.23
1+z T (5.23)
1
T~ 142422 (5.24)

Note that these approximations are accurate only for small values of x.

5.2 Taylor’s formula for multivariable functions

Scalar Functions

Let f : R™ — R be a function of n variables denoted by x1, x9, ..., Zy.
Let # = (x1,x9,...,2,). We present first order and second order Taylor
expansions of the function f(z), without providing convergence results.

Let a = (aq, as, ..., a,) € R". The linear Taylor expansion of the function
f(z) around the point a,

n af

f(x) = f(a) + ;(Iz —a;) 87331»(@)’ (5.25)
is a second order approximation, in the sense that
% 9
fl@) = fla) + ) (xi—a) a—j(al,@, cnay) + O (|l —alf?), (5.26)

i=1

as © — a, if all the partial derivatives of second order of f(z), i.e., af?gT_ (z),
2.0z,
1 <i,j < n, are continuous. Here, O (||z — a|*) =31, O (|zi — ai?) .
The quadratic Taylor expansion of the function f(z) around the point a,

f@) o~ f@) + S - a) gga)

i=1

n Z (ffi_ai)Q(xj_aj) o"f (a), (5.27)

;0T ;
1<ij<n 00 J
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is a third order approximation, in the sense that

n

f@) = f@) + S—a) )

»
i=1 Oz

4 Z (xl — CLQ‘)2(.’E]‘ — CL]‘) 0 f (a)

1<i7<n 8%855]
i=1

as © — a, if all the third order partial derivatives of f(z) are continuous.

The linear and quadratic Taylor expansions (5.25-5.28) can be written
using matrix notation as follows: Recall from (1.36) that the gradient D f(x)
of the function f(z) is a row vector of size n, i.e.,

D) = (5@ Gh@ o @),

oz * 0xa oz,
and, from (1.37), that the Hessian D?f(x) is an n x n matrix:

9% f

g;Cf(g;) azaj(x) 82%(@
D f(x) — aylaafg(x) @.(x) aznag.@(x)
st (@) 2@ ... Sh@)
Let
T — aq
r—a o (5.29)

The linear Taylor expansions (5.25) and (5.26) of f(x) around the point
a can be written in terms of the gradlent Df (a) as

f(x) = fla) + Df(a) (z —a); (5.30)
fx) = fla) + Df(a) (x—a) + O(lz—all’), (5.31)

Q

as r — a.

The quadratic Taylor expansions (5.27) and (5.28) of f(z) around the
point a can be written in terms of Df(a) and D?f(a) as

f(x) = fla)+ Df(a) (x—a)+ % (z—a)' D*f(a) (v —a); (5.32)
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f(x) = f(a)+ Df(a) (w—a)+%(r—a)t D*f(a) (z — a)
+ Zo(uﬁaiﬁ), (5.33)

as © — a. Note that (r —a)' = (1 —a1 z2—ay ... x,—a,) is a row
vector, the transpose of the column vector z — a from (5.29).

Vector Valued Functions

Let F: R" — R™ be a vector valued function, given by

Si(z)
r = | M
fm(T)

where © = (x1,29,...,z,). Recall from (1.38) that the gradient DF(z) of
F(z) is a matrix operator of size m x n given by

9 9 )
Be) B
DF(z) = (@) s2() ... g(z)
b (\ Ofm " op
8{;1 (z) a%Z(ac) . fa{n (x)

The linear Taylor expansion of the function F'(z) around the point a € R,
F(z) ~ F(a) + DF(a) (v —a) (5.34)
is a second order approximation, i.e.,
F(z) = F(a) + DF(a) (x —a) + O (|lz —a|]?), (5.35)

as x — a, if all the partial order derivatives of order two of the functions f(z),
k =1 :m, are continuous. As before, O (||z — al|?) = Y11 O (Jz; — a;]?),
and x — a is the column vector given by (5.29).

We note that formula (5.34) can be written explicitely as

filx) Ala) + T 52 (0) (@i —a)
f2€x) ~ fola) + 30 13?( ) (@7 — a;)

fnl) fula) + S 1%@( ) (2 — a;)

Thus, the linear Taylor approximation formula (5.34) for the vector valued
function F'(z) is obtained by combining the linear Taylor approximation for-
mula (5.25) for each function fi(x), k=1:m.
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5.2.1 Taylor’s formula for functions of two variables
For clarification purposes, we include the formulas for Taylor expansions of
both scalar and vector valued functions of two variables in this section.
Scalar Functions

Let f : R?> — R be a function of two variables. The linear Taylor expansion
of f(z,y) around the point (a,b) € R?

flaw) = fab) + @-a) Pab) + -0 G @y 630

is a second order approximation, i.e.,
0 0
flz,y) = f(a,b) + (z—a) a—i(a,b) + (y—0b) a;j(mb)
+O0(lz—af’) + O(ly—0b), (5.37)
as (z,y) — (a,b), if %, gf—/{, and Oajgy are continuous functions.
The quadratic Taylor expansion of f(x,%) around the point (a,b) € R?

faw) = fa) + @-a) Lad) + -0 Sy
e Sl ah + a0 2t
+ <y_2b)2 gzyé(a, b), (5.38)
is a third order approximation, i.e.,
flag) = f@b) + @=a) Fiad) + -8 G @b
EE Sl ah + a8 2L
M 5 b’ g;fzc(a, b) + O (lz—af*) + 0 (ly — b*) , (5.39)

as (z,y) — (a,b), if all third order derivatives of f(z,y) are continuous.
The matrix forms of the linear Taylor expansions (5.36) and (5.37) are

fe) ~ st + it (574

Few) = 1wt + pfen (5745) + 0(—a?)+0 (y-1P).
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as (x,y) — (a,b), where Df(a,b) = (%(a, b) %(a,b)).
The matrix forms of the quadratic Taylor expansions (5.38) and (5.39) are

f(r.y) ~ fla.b) + Df(a.b) (

)

+% i:g)tD%mﬁ)(sz); (5.40)
« (373
(

(
f(z,y) = fla,b) + Df(a,b) <x—a
(

y—>b
e tDQf(ab) v
2 \y—b ’ y—>o
+O0(|lz—af’) + O(ly—0), (5.41)

as (z,y) — (a,b), where

82 62

Dfapy = (@D a@d)
’ o A-(a,0) Gh(a,b)
Oydz \" Oy \™"

Vector Valued Functions

We conclude by writing linear and quadratic Taylor expansions for a function
of two variables taking values in R?. Let

| | _ (e
F : R*> — R% givenby F(z,9) = (f;(ﬂfé)).

Recall from (1.41) that the gradient DF(z,y) of F(z,y) is

O (z,y) i(z,y)
. ox 9
pren = (G0 500 )

The linear Taylor expansion of F(z,y) around the point (a,b) € R?,

F(z,y) ~ F(a,b) + DF(a,b) <‘;:Z>

is a second order approximation:

F(z,y) = F(a,b) + DF(a,b) <z:z> + O(lz—al’) + O(ly—0b*),

as (x,y) — (a,b).



